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SUMMARY 

A l g e b r a i c  g r i d  g e n e r a t i o n  methods based o n  t r a n s f i n i t e  i n t e r p o l a t i o n  
c a l l e d  t h e  two-boundary and f o u r - b o u n d a r y  methods a r e  a p p l i e d  for g e n e r a t i n g  
g r i d s  w i t h  h i g h l y  complex b o u n d a r i e s  and y i e l d s  g r i d  p o i n t  d i s t r i b u t i o n s  t h a t  
a l l o w  f o r  a c c u r a t e  a p p l i c a t i o n  t o  r e g i o n s  o f  sha rp  g r a d i e n t s  i n  t h e  p h y s i c a l  
domain or t ime-dependent  p rob lems w i t h  sma l l  l e n g t h  s c a l e  phenomena. A l g e b r a i c  
g r i d s  a r e  d e r i v e d  u s i n g  t h e  two-boundary and f o u r - b o u n d a r y  methods for a p p l i c a -  
t i o n s  i n  b o t h  two- and t h r e e - d i m e n s i o n a l  domains. G r i d s  a r e  deve loped  f o r  d i s -  
t i n c t l y  d i f f e r e n t  g e o m e t r i c a l  p rob lems and t h e  two-boundary and f o u r - b o u n d a r y  
methods a r e  demons t ra ted  t o  be a p p l i c a b l e  t o  a w ide  c l a s s  of g e o m e t r i e s .  

INTRODUCTION 

Many d i f f e r e n t  t e c h n i q u e s  have been deve loped  f o r  g e n e r a t i n g  c o m p u t a t i o n a l  
g r i d s  r e q u i r e d  i n  t h e  f i n i t e  d i f f e r e n c e  or f i n i t e  e l e m e n t  solut ions o f  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s  on  a r b i t r a r y  r e g i o n s .  An emerg ing  p rob lem,  however ,  i s  
t h e  g e n e r a t i o n  o f  g r i d  systems on  wh ich  s o l u t i o n s  can be o b t a i n e d  for complex 
boundary  g e o m e t r i e s .  The impor tance  o f  t h e  c h o i c e  o f  t h e  g r i d  i s  w e l l  known. 
A p o o r l y  chosen g r i d  may cause r e s u l t s  t o  be e r roneous  or may f a i l  to  r e v e a l  
c r i t i c a l  a s p e c t s  o f  t h e  t r u e  s o l u t i o n .  Any p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  
( e . g . ,  t h e  Nav ie r -S tokes  e q u a t i o n s )  exp ressed  i n  a C a r t e s i a n  c o o r d i n a t e  s y s t e m  
can be t r a n s f o r m e d  t o  a u n i f o r m  g r i d  i n  c o m p u t a t i o n a l  c o o r d i n a t e  sys tem,  c a l l e d  
t h e  b o u n d a r y - f i t t e d  c o o r d i n a t e  sys tem.  The o b j e c t i v e  o f  t h e  g r i d  g e n e r a t i o n  
method i s  to  p r o v i d e  t h e  J a c o b i a n  m a t r i x  d e s c r i b i n g  t h e  t r a n s f o r m a t i o n .  A lge-  
b r a i c  g r i d  g e n e r a t i o n  methods a r e  h i g h l y  advantageous f o r  d i r e c t  c o m p u t a t i o n  o f  
t h e  p h y s i c a l  domain as a f u n c t i o n  o f  u n i f o r m  c o m p u t a t i o n a l  g r i d .  These methods 
g e n e r a t e  b o u n d a r y - f i t t e d  c o o r d i n a t e  systems by  a l g e b r a i c a l l y  d e f i n i n g  d i s t i n c t  
b o u n d a r i e s  o f  t h e  p h y s i c a l  domain and i n t e r p o l a t i n g  between t h e s e  b o u n d a r i e s  
( 1 )  t o  ( 6 ) .  The a l g e b r a i c  boundary  c u r v e s  can be a n a l y t i c a l  f u n c t i o n  or numer- 
i c a l  i n t e r p o l a t i n g  f u n c t i o n s .  These a l g e b r a i c  g r i d  g e n e r a t i o n  methods can gen- 
e r a t e  b o u n d a r y - f i t t e d  c o o r d i n a t e  systems w i t h o u t  t h e  need t o  s o l v e  t h e  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s .  P r e c i s e  c o n t r o l  o f  t h e  d i s t r i b u t i o n  of g r i d  p o i n t s  i n  
t h e  p h y s i c a l  s p a t i a l  domain can be a c h i e v e d  b y  s t r e t c h i n g  f u n c t i o n s  ( 7 )  t o  ( 9 ) .  
The Jacob ian  m a t r i x  o f  t h e  t r a n s f o r m a t i o n  can be o b t a i n e d  r a p i d l y  and e f f i -  
c i e n t l y  b y  d i r e c t  a n a l y t i c a l  d i f f e r e n t i a t i o n  or by n u m e r i c a l  d i f f e r e n t i a t i o n .  
T h i s  i s  i n  c o n t r a s t  t o  t h e  d i f f e r e n t i a l - e q u a t i o n  g r i d  g e n e r a t i o n  method where a 
p a r t i a l  d i f f e r e n t i a l l s y s t e m  i s  n u m e r i c a l l y  s o l v e d  by  i t e r a t i v e  t e c h n i q u e s  for 
t h e  mapping between t h e  c o o r d i n a t e  sys tem o f  t h e  p h y s i c a l  s p a t i a l  domain and 
t h e  b o u n d a r y - f i t t e d  c o o r d i n a t e  s y s t e m .  The t r a n s f o r m a t i o n  m a t r i x  ( t h e  J a c o b i a n  
m a t r i x )  must  be o b t a i n e d  by  n u m e r i c a l  d i f f e r e n t i a t i o n ,  and a g r i d  change 
r e q u i r e s  a new s o l u t i o n  o f  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  sys tem (10) t o  
(1.2) .  T h i s  approach can be v e r y  e x p e n s i v e  f o r  p rob lems  w i t h  t h r e e - d i m e n s i o n a l  



and t ime-dependent  b o u n d a r y - f i t t e d  c o o r d i n a t e  systems.  Once t h e  boundary-  
f i t t e d  c o o r d i n a t e  s y s t e m  has been genera ted  by  an a l g e b r a i c  or  a d i f f e r e n t i a l -  
e q u a t i o n  g r i d  g e n e r a t i o n  method, t h e  s e t  o f  g o v e r n i n g  e q u a t i o n s ,  such as t h e  
Nav ie r -S tokes  e q u a t i o n s ,  a r e  t r a n s f o r m e d  a n a l y t i c a l l y  v i a  a g e n e r a l i z e d  c o o r d i -  
n a t e  t r a n s f o r m a t i o n .  T h i s  r e s u l t s  i n  a s e t  o f  g o v e r n i n g  e q u a t i o n s  i n  wh ich  
a l l  d e r i v a t i v e s  a r e  w i t h  r e s p e c t  t o  t h e  b o u n d a r y - f i t t e d  c o o r d i n a t e s .  For t h e  
f i n i t e - d i f f e r e n c e  method o f  s o l u t i o n ,  t h e  d e r i v a t i v e s  i n  t h e  t rans fo rmed  
g o v e r n i n g  e q u a t i o n s  a r e  r e p l a c e d  by  f i n i t e - d i f f e r e n c e  f o r m u l a s  ( 1 3 )  t o  ( 1 5 )  t o  
form t h e  d e s i r e d  system of f i n i t e - d i f f e r e n c e  e q u a t i s n s .  

' 

A l g e b r a i c  g r i d  g e n e r a t i o n  method based on t r a n s f i n i t e  i n t e r p o l a t i o n  c a l l e d  
t h e  two-boundary and fou r -boundary  methods a r e  used t o  g e n e r a t e  g r i d s  f o r  two 
and t h r e e - d i m e n s i o n a l  s p a t i a l  domains w i t h  complex a r b i t r a r y  g e o m e t r i e s .  A 
d e t a i l e d  d e s c r i p t i o n  o f  t h e  methods i s  p r e s e n t e d  i n  r e f e r e n c e  1 .  These methods 
a r e  h i g h l y  v e r s a t i l e  and have a w ide  v a r i e t y  o f  a p p l i c a t i o n s  i n  b o t h  two and 
t h r e e  d imens ions .  I n  t h e  two-boundary method, two s e p a r a t e  n o n i n t e r s e c t i n g  
b o u n d a r i e s  o f  t h e  p h y s i c a l  domain a r e  d e f i n e d  by means o f  a l g e b r a i c  f u n c t i o n s  
(or  n u m e r i c a l  i n t e r p o l a t i o n  f u n c t i o n s ) .  These f u n c t i o n s  have as i ndependen t  
v a r i a b l e s ,  c o o r d i n a t e s  wh ich  a r e  n o r m a l i z e d  t o  u n i t y .  The two b o u n d a r i e s  t h a t  
must be mapped c o r r e c t l y  from t h e  p h y s i c a l  s p a t i a l  d o m a i n l t o  t h e  c o m p u t a t i o n a l  
domain can have v e r y  complex shapes and can be two or t h r e e  d imens ions .  The 
two-boundary method can map a l l  o f  t h e  b o u n d a r i e s  o f  a p h y s i c a l  s p a t i a l  domain 
c o r r e c t l y  i f  t h e  two c u r v e d  b o u n d a r i e s  connec t  two s t r a i g h t  l i n e s  ( i n  t h e  two- 
d i m e n s i o n a l  case )  or f l a t  s u r f a c e s  ( i n  t h e  t h r e e - d i m e n s i o n a l  c a s e ) .  

A p p l i c a t i o n  o f  t h e  two-boundary method based on  t r a n s f i n i t e  i n t e r p o l a t i o n  
f o r  g e n e r a t i n g  g r i d  p o i n t s  i n v o l v e s  t h e  f o l l o w i n g  seven ma jo r  s t e p s  ( r e f s .  1 
and 2 ) :  

1 .  D e f i n e  t h e  n a t u r e  o f  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n .  

2 .  S e l e c t  a t i m e  s t r e t c h i n g  f u n c t i o n .  

3 .  S e l e c t  t h e  two b o u n d a r i e s  o f  t h e  p h y s i c a l  s p a t i a l  domain t h a t  do n o t  
t o u c h  each o t h e r  a t  any p o i n t  and must  be mapped c o r r e c t l y .  

4 .  D e s c r i b e  t h e  two b o u n d a r i e s  s e l e c t e d  i n  p a r a m e t r i c  form i n  c o o r d i n a t e s  
o f  t h e  t r a n s f o r m e d  domain.  

5 .  D e f i n e  cu rves  t h a t  c o n n e c t  t h e  two b o u n d a r i e s  by  u s i n g  t r a n s f i n i t e  
i n t e r p o l a t i o n .  

6 .  D i s c r e t i z e  t h e  domain.  

7 .  C o n t r o l  d i s t r i b u t i o n  o f  g r i d  p o i n t s  by  u s i n g  s t r e t c h i n g  f u n c t i o n .  

The fou r -boundary  method i s  used t o  a l g e b r a i c a l l y  g e n e r a t e  g r i d s  f o r  pr-ob- 
l e m s  i n  wh ich  f o u r  b o u n d a r i e s  o f  t h e  s p a t i a l  domain must  be mapped c o r r e c t l y  
from t h e  p h y s i c a l  s p a t i a ?  domain t o  t h e  c o m p u t a t i o n a l  domain t o  t h e  computa- 
t i o n a l  domain.  The f o u r  b o u n d a r i e s  t h a t  must  be mapped c o r r e c t l y  can have com- 
p l e x  shapes and can be two or t h r e e  d i m e n s i o n s .  The f o u r - b o u n d a r y  method i s  an 
e x t e n s i o n  o f  t h e  two-boundary method ( r e f .  1 ) .  The p rocedure  for  a p p l y i n g  t h e  
fou r -boundary  method i s  s i m i l a r  to  t h e  seven s teps  d e s c r i b e d  e a r l i e r  for t h e  
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two-boundary method.  The fou r -boundary  method i n v o l v e s  mapping t h e  f o u r  bound- 
a r i e s  o f  t h e  s p a t i a l  domain c o r r e c t l y  t o  t h e  t r a n s f o r m e d  c o m p u t a t i o n a l  domain.  

I n  t h i s  i n v e s t i g a t i o n ,  t h e  two-boundary method i s  a p p l i e d  t o  g e n e r a t e  g r i d  
p o i n t s  for t h e  two-d imens iona l  s t e p  dump combustor ,  t h e  two-d imens iona l  v e n t u r i  
n o z z l e ,  t h e  two-d imens iona l  s t e p  dump combustor  w i t h  wedge-shaped s o l i d  b o d i e s  
embedded i n s i d e  t h e  p h y s i c a l  s p a t i a l  domain.  

ALGEBRAIC G R I D  GENERATION FOR A STEP DUMP COMBUSTOR 

The two-boundary method i s  a p p l i e d  t o  t h e  two-d imens iona l  a x i s y m m e t r i c  
s t e p  dump combus to r .  F i g u r e  1 shows t h e  p h y s i c a l  s p a t i a l  domain o f  t h e  two 
d i m e n s i o n a l  a x i s y m m e t r i c  dump combustor .  Because o f  t h e  symmetry o f  t h i s  p rob -  
lem, g r i d  p o i n t s  a r e  g e n e r a t e d  for o n l y  h a l f  o f  t h e  dump combustor .  The p h y s i -  
c a l  s p a t i a l  domain c o n s i s t s  o f  r e g i o n  A e n c l o s e d  by  c u r v e s  1 ,  2 ,  3 and 4 and 
r e g i o n  8 e n c l o s e d  by  c u r v e s  5 ,  6 ,  7 and 8 as shown i n  f i g u r e  1 .  I f  t h e  upper  
cu rves  of t h e  s p a t i a l  domain shown i n  f i g u r e  1 a r e  r e p l a c e d  by  a s i n g l e  c u r v e  
d i s p l a y i n g  a sudden s t e p  a t  l o c a t i o n  B ,  t h e  s p a t i a l  d e r i v a t i v e s  o f  t h i s l c u r v e  
f o r m i n g  t h e  upper  boundary  o f  t h e  domain w i l l  c o n t a i n  d i s c o n t i n u i t i e s  a t  l o c a -  
t i o n  B .  Then t h e  m e t r i c  c o e f f i c i e n t s  o f  t h e  t r a n s f o r m a t i o n  needed t o  o b t a i n  
s o l u t i o n  t o  t h e  c o n s e r v a t i o n  e q u a t i o n  g o v e r n i n g  t h e  p r o b l e m  w i l l  be d i s c o n t i n u -  
ous a t  g r i d  p o i n t s  on t h e  boundary  a t  l o c a t i o n  B and t h i s  d i s c o n t i n u i t y  on  t h e  
boundary  w i l l  p r o p a g a t e  i n t o  t h e  i n t e r i o r  o f  t h e  s p a t i a l  domain.  T h e r e f o r e  t h e  
s p a t i a l  domain o f  i n t e r e s t  i s  d i v i d e d  i n t o  r e g i o n s  A and B wh ich  a r e  pa tched  
t o g e t h e r  a c r o s s  common b o u n d a r i e s  as shown i n  f i g u r e  1 .  I t  i s  necessa ry  t o  
match t h e  g r i d s  a c r o s s  t h e  common b o u n d a r i e s  and t o  m a i n t a i n  c o n t r o l  o v e r  t h e  
g r i d  s p a c i n g  i n  these  r e g i o n s .  

I n  t h e  f o l l o w i n g ,  t h e  seven s t e p s  o f  t h e  two-boundary method a r e  a p p l i e d  
t o  g e n e r a t e  g r i d  p o i n t s  f 

S tep  1 - 

S i n c e  t h e  two-dimens 

lr t h e  s t e p  dump combustor .  

D e f i n e  t h e  C o o r d i n a t e  T r a n s f o r m a t i o n  

o n a l  s D a t i a l  domain shown i n  f i q u r e  1 i s  nondeform- 
i n g  and t h e  g r - i d  p o i n t s  i n  t h e  c o o r d i n a t e  s y s t e m  w i l l  no t  move ,  t h e  
mapping o f  g r i d  p o i n t s  i n  r e g i o n s  A and B i n v o l v e s  t h e  f o l l o w i n g  c o o r d i n a t e  
t r a n s f o r m a t i o n :  

x-y-t 

Reg ion  A :  

where 

3 



Region B :  

I L 1  5 5 I L  

JL1 q JL 

( X B , Y B , t )  ( C , r l . ' I : )  ( 5 )  

where 

t = t('I:) ( 6 )  

X B  = Xg(C,rl) ( 7 )  

YB = YB(<, '7)  ( 8 )  

where x-y-t r e p r e s e n t s  t h e  c o o r d i n a t e  sys tem o f  t h e  p h y s i c a l  domain and 
r e p r e s e n t s  a b o u n d a r y - f i t t e d  c o o r d i n a t e  s y s t e m  o f  t h e  t r a n s f o r m e d  domain 
( f i g .  1 ) .  

S tep  2 - S e l e c t  a Time S t r e t c h i n g  F u n c t i o n  

S i n c e  t h e r e  i s  no  s t r e t c h i n g  i n  t i m e  for b o t h  r e g i o n s  A and 6, t h e  r e l a -  
t i o n s h i p  between t and 'I: i s  t o  be t a k e n  

t = 7 :  ( 9 )  

S tep  3 - S e l e c t  Two Boundar ies  for Each Reg ion  

For t h e  s p a t i a l  domain shown i n  f i g u r e  1 ,  cu rves  1 and 2 i n  r e g i o n  A a r e  
chosen t o  co r respond  t o  c o o r d i n a t e  l i n e s  q = 1 and r l  = JL1 ,  r e s p e c t i v e l y .  
Curves 5 and 6 a r e  chosen t o  c o r r e s p o n d  t o  rl = JL1 and q = JL ,  r e s p e c t i v e l y  
( f i g .  1 > ,  i . e . ,  

Region A :  

X I  = x ( { , q  = 1 )  = X I < < >  (10) 

Y 1  = y( [ ,q  = 1 )  = V I < ( >  ( 1 1 )  

X 2  = x ( [ , Q  = JL1) = X 2 ( 5 )  ( 1 2 )  

Y2 = y (c ,q  = JL1)  = Y2( ( )  ( 13 )  

I Region 8 :  
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The two boundary  method can map a l l  o f  t h e  b o u n d a r i e s  o f  t h e  p h y s i c a l  domain 
c o r r e c t l y  i f  t h e  r e m a i n i n g  b o u n d a r i e s  a r e  s t r a i g h t  l i n e s  as i n  t h e  p r e s e n t  
p rob lem.  A s  w i l l  be shown i n  s t e p  4 ,  t h e  r e m a i n i n g  b o u n d a r i e s ,  c u r v e s  2 ,  4 of 
r e g i o n  A and c u r v e s  7 ,  8 o f  r e g i o n  6, a r e  mapped t o  c o o r d i n a t e  l i n e s  6 = 1 ,  
5 = I L  and 5 = I L 1  and 6 = I L ,  r e s p e c t i v e l y .  

S tep  4 - D e f i n e  t h e  Two Boundar ies  S e l e c t e d  i n  P a r a m e t r i c  Form 

Once t h e  two b o u n d a r i e s  have been chosen, t h e  n e x t  p r o b l e m  i s  t h e  r e p r e -  
s e n t a t i o n  o f  t h e s e  two boundary  f u n c t i o n s  i n  p a r a m e t r i c  form i n  te rms o f  t h e  
p a r a m e t r i c  v a r i a b l e  5 .  Note t h a t  s i n c e  boundary  l i n e s  3 and 4 a r e  mapped t o  
c o o r d i n a t e  l i n e  5 = 1 and 5 = I L ,  r e s p e c t i v e l y ,  t h e  v a r i a b l e  can o n l y  v a r y  
between 1 and I L  ( n o t e  t h a t  x v a r i e s  between A and C ,  see f i g .  1 ) .  

O n e  approach i s  to choose t h e  p a r a m e t r i c  v a r i a b l e  5 such t h a t  

( 1 8 )  

By s u b s t i t u t i n g  e q u a t i o n  ( 1 8 )  i n t o  e q u a t i o n s  (10) t o  ( 1 7 > ,  t h e  d e s i r e d  paramet -  
r i c  e q u a t i o n s  a r e  o b t a i n e d .  

Reg ion  A :  

V I ( < >  = D ,  1 ( 5 ( I L  

Y ( 5 )  = E + a 6 

where A ,  B ,  C ,  0 ,  E ,  and a a r e  c o n s t a n t s  d e f i n e d  i n  f i g u r e  1 .  

( 1 9 )  

( 2 0 )  

(21  1 

(22) 

(23 )  

( 2 4 )  

( 2 5 )  

( 2 6 )  

5 



S t e p  5 - D e f i n e  Curves That Connect  t h e  Two Boundar ies  

By u s i n g  t r a n s f i n i t e  i n t e r p o l a t i o n  based on  H e r m i t e  i n t e r p o l a t i o n  t o  
i n t e r p o l a t e  between t h e  b o u n d a r i e s  s e l e c t e d  i n  s t e p  3, ( i . e . ,  cu rves  1 ,  2 and 
cu rves  5 ,  6 ) ,  t h e  c o n n e c t i n g  cu rves  can be r e a d i l y  o b t a i n e d .  S i n c e  t h e  bounda- 
r i e s  c u r v e s  a r e  themse lves  f u n c t i o n s  and can be de te rm ined  i n d e p e n d e n t l y ,  equa- 
t i o n s  ( 3 > ,  ( 4 )  and ( 7 ) ,  (8) can be r e w r i t t e n  a s  c u b i c  p o l y n o m i a l s .  

Reg ion  A:  

A p p l y i n g  a c u b i c  c o n n e c t i n g  f u n c t i o n  i m p l i e s  t h a t  t h e  p h y s i c a l  g r i d  can be 
f o r c e d  to be o r t h o g o n a l  a t  t h e  b o u n d a r i e s .  
t o  connec t  c u r v e  1 p e r p e n d i c u l a r l y  i n  t h e  p h y s i c a l  domain, t h e  d o t  p r o d u c t  o f  

e t  ( t h e  v e c t o r  t a n g e n t  t o  c u r v e  1 )  and 
i n g  c u r v e )  a t  any p o i n t  on  c u r v e  1 must be z e r o ,  i . e . ,  

I n  o r d e r  f o r  t h e  c o n n e c t i n g  cu rves  

5, ( t h e  v e c t o r  t a n g e n t  t o  t h e  connec t -  
+ 

o r  

6 



" 

A p p l y i n g  t h i s  p r o c e d u r e  w i l l  force t h e  g r i d  t o  be o r t h o g o n a l  a t  t h e  boundary  
c u r v e  1 .  E q u a t i o n  ( 3 2 )  g i v e s  t h e  f o l l o w i n g  two c o n d i t i o n s :  

C o n t r o l  o f  t h e  o r t h o g o n a l i t y  f o r  t h e  c o n n e c t i n g  f u n c t  
2 ,  5, and 6 i s  accomp l i shed  i n  a s i m i l a r  manner and y 
c o n d i t i o n s :  

ons a t  o t h e r  
e l d s  t h e  f o l  

( 3 4 )  

b o u n d a r i e s  
ow ing  

( 3 5 )  

( 3 6 )  

( 3 7 )  

( 3 8 )  

( 3 9 )  

K 1 ( < ) ,  K z ( < ) ,  K 5 ( 0 ,  and K g ( < )  can be r e l a t e d  t o  t h e  magn i tude  o f  t h e  boundary  
cu rves  and a r e  chosen by  t r i a l  and e r r o r  t o  ensu re  t h e  g r i d  l i n e s  do  n o t  o v e r -  
l a p  each o t h e r  a t  t h e  i n t e r i o r  o f  t h e  p h y s i c a l  domain.  For t h e  p r e s e n t  p rob lem 

S u b s t i t u t i o n  o f  e q u a t i o n s  ( 3 3 )  t o  ( 4 2 )  i n t o  e q u a t i o n s  ( 2 7 > ,  ( 2 8 )  and (291 ,  (30 )  
g i v e s  t h e  d e s i r e d  c o n n e c t i n g  c u r v e s .  
r i c  boundary  c u r v e s ,  a u n i f o r m  c o m p u t a t i o n a l  g r i d  can be mapped o n t o  t h e  p h y s i -  
c a l  domain f o r m i n g  a p h y s i c a l  g r i d .  

G iven  t h e  c o n n e c t i n g  c u r v e s  and paramet-  

S tep  6 - D i s c r e t i z e  t h e  Domain 

The t i m e  domain i n  t h e  C-q-t c o o r d i n a t e  sys tem i s  d i s c r e t i z e d  by  r e p l a c -  
i n g  i t  w i t h  e q u a l l y - i n c r e m e n t e d  t i m e  l e v e l s ,  i . e . ,  

7 



T ~ = ~ A T ,  n = 0 , 1 , 2  , . . .  ( 4 3 )  

where TQ denotes  t i m e  a t  t h e  n t h  t i i i i e  l e v e l  and AT i s  t h e  t i m e - s t e p  s i z e .  

The s p a t i a l  domain i n  t h e  [-Q-T c o o r d i n a t e  sys tem i s  d i s c r e t i z e d  by  
r e p l a c i n g  i t  w i t h  e q u a l l y  spaced g r i d  p o i n t s .  The l o c a t i o n s  of t h e  g r i d  p o i n t s  
a r e  g i v e n  by  

Region A :  

S i  = i , i = 1 ,  2 ,  . . . ,  I L 1 ,  . . . ,  I L  ( 4 4 )  

q j  = j ,  j = 1 ,  2 ,  . . . ,  JL1,  . . . ,  JL  ( 4 5 )  

Region B :  

5. 1 = i ,  i = I L 1 ,  . . . ,  I L  ( 4 6 )  

q j  = j ,  j = JL1,  . . . ,  J L  ( 4 7 )  

S u b s t i t u t i o n  o f  e q u a t i o n s  ( 4 4 )  and ( 4 5 )  i n t o  e q u a t i o n s  ( 2 7 1 ,  (28)  and equa- 
t i o n s  ( 4 6 )  t o  ( 4 7 )  i n t o  e q u a t i o n s  ( 2 9 ) ,  (30)  g i v e s  t h e  g r i d  p o i n t s  i n  t h e  phys- 
i c a l  s p a t i a l  domain.  

S tep  7 - C o n t r o l  D i s t r i b u t i o n  o f  G r i d  P o i n t s  

The two-boundary method i s  a p p l i e d  t o  g e n e r a t e  g r i d s  i n s i d e  t h e  s t e p  dump 
combustor .  B w n d a r y  l a y e r  f low near  t h e  w a l l  o f  t h e  combustor  i s  c h a r a c t e r i z e d  
by s t r o n g  v i s c i d - i n v i s c i d  i n t e r a c t i o n s ;  i n  a d d i t i o n ,  one e x p e c t s / s t e e p  v e l o c i t y  
g r a d i e n t s  a t  t h e  i n j e c t o r  l o c a t i o n  ups t ream o f  t h e  r e a r w a r d - f a c i n g  s t e p  r e g i o n .  
Thus, more g r i d  p o i n t s  s h o u l d  be c l u s t e r e d  near  cu rves  2 ,  5 ,  6 ,  and 8 a l o n g  
x = x i n j .  
r e p l a c i n g  rl i n  e q u a t i o n s  ( 2 7 1  t o  (30) b y  t h e  f o l l o w i n g  e q u a t i o n  

C o n c e n t r a t i o n  o f  g r i d  p o i n t s  nea r  cu rves  2 ,  5, 6 i s  accomp l i shed  by  

( 4 8 )  

I n  t h e  above e q u a t i o n ,  6, 
more g r i d  p o i n t s  near  c u r v e  8 ,  5 i n  e q u a t i o n s  ( 2 9 )  and (30)  i s  r e p l a c e d  by  t h e  
f o l l o w i n g  e q u a t i o n  

i s  a c o n s t a n t  g r e a t e r  t h a n  u n i t y .  To c o n c e n t r a t e  

(25-1)  2{1 + [ ( B  + 1 ) / ( B  - 111 
‘1 rl 

To c o n c e n t r a t e  g r i d  p o i n t s  a l o n g  x = x i n j ,  r e p l a c e  5 i n  e q u a t i o n s  ( 2 7 )  
and ( 2 8 )  by  t h e  f o l l o w i n g  e x p r e s s i o n  

s i n h [ B  65 - dl + 
s i n h ( a 6  1 5 c i n j  

( 4 9 )  

( 5 0 )  
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b 

l -  

where 

I t h e  above e q u a t i o n s ,  B t  i s  a c o n s t a n t  g r e a t e r  t h a n  z e r o .  By v a r y i n g  .he 
parameter  6, and B c ,  i s  d i f f e r e n t  d i s t r i b u t i o n s  o f  g r i d  p o i n t s  can be 
o b t a i n e d  n e x t  t o  c u r v e s  2 ,  5 ,  and 6 and a l o n g  c u r v e  8 and x = X i n j .  

F i g u r e  2 shows g r i d  p o i n t s  g e n e r a t e d  i n s i d e  t h e  a x i s y m m e t r i c  s t e p  dump 
combustor  w i t h  no  s t r e t c h i n g  f u n c t i o n s  used and w i t h  51  g r i d  p o i n t s  spann ing  
t h e  5 d i r e c t i o n  and 21  g r i d  p o i n t s  spann ing  t h e  r) d i r e c t i o n .  The g r i d  
system shown i n  F i g u r e  3 was g e n e r a t e d  by  u s i n g  s t r e t c h i n g  f u n c t i o n s  ( 7 )  t o  
( 9 ) .  A p p r o x i m a t e l y  50 sec of t h e  I B M  370 CPU t i m e  i s  r e q u i r e d  t o  g e n e r a t e  t h e  
g r i d  system shown i n  f i g u r e  2 .  

ALGEBRAIC G R I D  GENERATION FOR A V E N T U R I  NOZZLE 

The two-boundary method i s  a p p l i e d  t o  t h e  a x i s y m m e t r i c  v e n t u r i  n o z z l e .  
Because o f  t h e  symmetry o f  t h i s  p rob lem,  g r i d  p o i n t s  a r e  g e n e r a t e d  f o r  o n l y  
h a l f  o f  t h e  n o z z l e .  F i g u r e  4 shows t h e  p h y s i c a l  domain o f  t h e  n o z z l e  geomet ry .  
By f o l l o w i n g  s t e p  1 t o  7 d e s c r i b e d  above, a sys tem o f  g r i d  p o i n t s  i s  g e n e r a t e d  
i n  t h e  p h y s i c a l  s p a t i a l  domain.  The f o l l o w i n g  s e t  o f  p a r a m e t r i c  boundary  equa- 
t i o n s  a r e  used ( s t e p  4 )  

( 5 4 )  B - A  
' L t L m  

n[(C - A ) < ]  Y,(E) = ( E  + a , )  + a cos - 1 B A  

9 - A < < < I L  ( 5 5 )  - C - A  
n ( C  - A I 5 1  

C - B  = ( E  + a ) - a cos 2 2 

x - A  [ = -  
C - A  

where A ,  6, C ,  D,  E ,  a l ,  and a2 a r e  c o n s t a n t s  d e f i n e d  i n  f i g u r e  4 .  

F i g u r e  5 shows g r i d  p o i n t s  g e n e r a t e d  i n s i d e  t h e  a x i s y m m e t r i c  n o z z l e  w i t h  
no s t r e t c h i n g  f u n c t i o n  used and w i t h  51 p o i n t s  spann ing  t h e  5 d i r e c t i o n  and 
21 g r i d  p o i n t s  spann ing  t h e  q d i r e c t i o n .  A p p r o x i m a t e l y  50 sec o f  t h e  I B M  370 
CPU t i m e  i s  r e q u i r e d  t o  g e n e r a t e  t h e  g r i d  sys tem shown i n  f i g u r e  5.  The non- 

r i b u t e d  g r i d  sys tem shown i n  f i g u r e  6 was g e n e r a t e d  w i t h  t h e  use 
f u n c t i o n .  Comparing f i g u r e  5 and 6 i n d i c a t e s  t h a t  t h e  s t r e t c h i n g  
oyed can c l u s t e r  g r i d  p o i n t s  nea r  t h e  w a l l  o f  t h e  n o z z l e .  

u n i f o r m l y  d i s  
o f  s t r e t c h i n g  
f u n c t i o n s  emp 

X - A  ( = -  
C - A  
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ALGEBRAIC G R I D  GENERATION FOR A STEP DUMP COMBUSTOR 

W I T H  EMBEDDED SOLID BODIES 

To e v a l u a t e  t h e  f e a s i b i l i t y  o f  t h e  two-boundary method,  a two-d imens iona l  
a x i s y m m e t r i c  s t e p  dump combustor  w i t h  g e o m e t r i c a l l y - c o m p l e x  embedded s o l i d  bod- 
i e s  i s  c o n s i d e r e d .  The f low f i e l d  domain i s  d i v i d e d  i n t o  f i v e  subdomains as 
shown i n  f i g u r e  7 ,  each c o v e r i n g  o n l y  p a r t  o f  t h e  whole f i e l d .  G r i d  p o i n t s  a r e  
genera ted  i n s i d e  each o f  t h e  subdomain u s i n g  t h e  two-boundary method. The g r i d  
systems o f  these  subdomains a r e  i n t e r f a c e d  w i t h  each o t h e r  i n  such a way t h a t  
t h e  g r i d  l i n e s  a r e  c o n t i n u o u s  a t  t h e  common b o u n d a r i e s .  

I F i g u r e  7 shows t h e  p h y s i c a l  domain o f  t h e  s t e p  dump combustor  geomet ry  
t o g e t h e r  w i t h  t h e  p a r t i t i o n e d  subdomains.  The two-boundary method i s  a p p l i e d  
t o  each of r e g i o n s  A ,  B ,  C ,  D ,  and E .  The boundary  c u r v e s  a r e  d e f i n e d  as 
d e s c r i b e d  be low.  

Reg ion  A 

Curve 1 :  

Y, (S,  = P 

Curve 2 :  

Y 2 ( [ )  = Q 

Region B :  

Curve 5 :  

( 5 5 )  

( 5 6 )  

( 5 7 )  

(58 )  

( 5 9 )  

(60) 

( 6 1 )  
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. 

Curve 6: 

= 0, I L 3  6 i I L  

Region C :  

I L 4  5 < 5 I L  

J L 2  q JL3  

Curve 9 :  

X - E  
X 9 ( 5 )  = E + ( F  - E)(=) 

Y 9 ( 5 )  = E + ( F  - E)(-) 
X - E  

x ( 5 ,  = x p  10 

Y l o ( c )  = T 

( 6 3 )  

( 6 4 )  

( 6 5 )  

( 6 6 )  

( 6 7 )  

(68 )  

( 6 9 )  

( 7 0 )  

( 7 1 )  

( 7 2 )  

( 7 3 )  

( 7 4 )  

( 7 5 )  

(76) 

(77) 

( 7 8 )  

1 1  



Region D :  

1 < 5 ( I L  

JL3 < rl 5 JL4 

Curve 13: 

X 1 3 ( 5 )  = X 5 C 5 ) ,  1 5 5 I L 1  

= x p ,  I L l  $ 5 i I L 2  

Region E :  

I 

~ 

~ Curve 17: 

( 7 9 )  

(80) 

(81 )  

( 8 2 )  

(83)  

(84 )  

(87 )  

(88)  

( 8 9 )  

(90 )  

( 9 1 )  

( 9 2 )  

12 



= x p ,  I L 2  L €, 5 I L 3  (94 )  

I -  
= X5( [ , ,  

= x p ,  

I L 3  5 [ 5 I L 4  

I L 4  i €, i I L  

( 9 5 )  

(96 )  

Y ( 5 )  = u, I L 1  5 5 I L  ( 9 7 )  
17 

Curve 18 :  

X l 8 ( 5 )  = X + O ,  1 L €, i I L 2  ( 9 8 )  

= x p ,  I L 2  5 5 I L 3  ( 9 9 )  

(100) 

(101 1 

Y ( 6 )  = v ,  I L 1  5 [ 5 I L  (102 )  
18 

where t h e  c o n s t a n t s  a p p e a r i n g  i n  t h e  above e q u a t i o n s  a r e  d e f i n e d  i n  f i g u r e  7 .  
The f u n c t i o n a l  form fo r  t h e  c o n n e c t i n g  cu rves  can be r e a d i l y  o b t a i n e d  by  u s i n g  
H e r m i t e  i n t e r p o l a t i o n  t o  i n t e r p o l a t e  between t h e  two b o u n d a r i e s  s e l e c t e d  for  
each o f  t h e  subdomain. 

Reg ion  A :  

13 



Region C :  

Reg ion  D :  

The H e r m i t e  p o l y n o m i n a l s  a r e  d e s c r i b e d  p r e v i o u s l y  d e r i v a t i v e  te rms appear -  
i n g  i n  e q u a t i o n s  (103 )  t o  (112)  a r e  chosen so t h a t  t h e  c o n n e c t i n g  c u r v e s  p e r -  
p e n d i c u l a r l y  i n t e r s e c t  t h e  b o u n d a r i e s  s e l e c t e d  above.  G r i d  p o i n t s  i n s i d e  t h i s  
s t e p  dump combustor  c o n f i g u r a t i o n  a r e  g e n e r a t e d  b y  u s i n g  e q u a t i o n s  (103 )  
t o  ( 1 1 2 ) .  
t h i s  s t e p  dump cumbustor  w i t h  51 g r i d  p o i n t s  spann ing  t h e  < d i r e c t i o n  and 
21 g r i d  p o i n t s  spann ing  t h e  Q d i r e c t i o n .  A p p r o x i m a t e l y  50 s e c  o f  t h e  I B M  
CPU t i m e  i s  r e q u i r e d  t o  g e n e r a t e  t h e  g r i d  sys tem shown i n  f i g u r e  8 .  
shows t h e  g r i d  sys tem g e n e r a t e d  w i t h  t h e  use o f  s t r e t c h i n g  f u n c t i o n s .  

I 

F i g u r e  8 shows g r i d  p o i n t s  g e n e r a t e d  i n s i d e  t h e  s p a t i a l  domain o f  

F i g u r e  9 
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I n  
g r i d  PO 

ALGEBRAIC G R I D  GENERATION FOR A RECTANGULAR DUCT W I T H  A R B I T R A R Y  

CROSS SECTIONS AND E M B E D D E D  SOLID BODIES 

t h i s  s e c t i o n ,  t h e  f o u r - b o u n d a r y  method ( r e f .  1 )  i s  a p p l i e d  t o  g e n e r a t e  
n t s  for an a x i s y m m e t r i c  r e c t a n g u l a r  d u c t  w i t h  a r b i t r a r y  cross s e c t i o n s  

and embedded s o l i d  b o d i e s  as shown i n  f i g u r e  10. 

Y 

The g r i d  i s  case i n  t h r e e  d imens ions  b y  t r e a t i n g  t h e  t h r e e - d i m e n s i o n a  
s p a t i a l  domain as a s t a c k  o f  two-d imens iona l  s p a t i a l  domains.  The t h r e e -  
d i m e n s i o n a l  g r i d  i s  g e n e r a t e d  by g e n e r a t i n g  two-d imens iona l  g r i d s  a t  equa l  

, * .  . .  . ,  . . . .  , .  . i nc remen tea  l o c a t i o n s  a l o n g  t h e  z - a x i s  i n  t h e  x -y -z - t  c o o r d i n a t e  sys tem 
Because of t h e  symmetry o f  t h i s  p rob lem,  g r i d  p o i n t s  a r e  g e n e r a t e d  f o r  o n l y  
h a l f  of t h e  d u c t  shown i n  f i g u r e  10. The t h r e e - d i m e n s i o n a l  g r i d  i s  o b t a i n e d  
b y  r o t a t i n g  t h e  upper  h a l f  d e s c r i p t i o n  abou t  t h e  a x i s  o f  symmetry. F i g u r e  1 1  
shows t h e  p h y s i c a l  domain o f  t h e  two-d imens iona l  s p a t i a l  domain. The s p a t i a l  
domain of i n t e r e s t  i s  d i v i d e d  i n t o  r e g i o n s  A and B .  The f o u r - b o u n d a r y  method 
i s  a p p l i e d  t o  each o f  r e g i o n s  A and B by  c o n s i d e r i n g  c u r v e s  1 ,  2 ,  3, and 4 as 
boundary  cu rves  o f  r e g i o n  A and c u r v e s  5 ,  6, 7 ,  and 8 as boundary  c u r v e s  o f  
r e g i o n  6 .  

The b o u n d a r i e s  a r e  d e f i n e d  as d e s c r i b e d  be low.  

Reg ion  A :  

1 q - < JL1 

Curve 1 :  

x 1 ( [ ,q = 1 )  = x 1 ( 5 )  = [" I L - 1  ( R  + + R - ) ]  - R - 

y l ( [ ,q  = 1 )  = Y , ( c )  = R t a n  ul 

Curve 2 

y 2 ( 5 . q  = JL1 )  = Y,(<> L = R t a n  u 2 

Curve 3 :  

(113 )  

( 1 1 4 )  

( 1 1 5 )  

( 1 1 6 )  

[Jzl--l l  ( R  t a n  a2 - R t a n  al> + R t a n  a1 y ( 6  = 1,q) = Y ( q )  = ( 1 1 8 )  1 2 3 

Curve 4 :  

x ( 5  = I L , q )  = X 4 ( q )  = R 4 + 

15  
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I 
I 

- 1  ( R  t a n  a2 - R t a n  a l ) ] +  R t a n  al ( 1  20)  
JL1 - 1 

Region  6:  

Curve 5:  

1 ( 5 < I L  

JL1 5 q 5 JL 

x 5 ( c , q  = JL1)  = X 5 ( 5 )  = [ - ( R  + R ) ] - R  - - I L - 1  + (121 )  

y5(( ,q  = JL1)  = Y 5 ( 5 )  = R t a n  a 3 (122 )  

Curve 6 

x 6 ( [ , q  = J L )  = X ( 5 )  = [ - ( R  + R ) ] - R  - - 

y6([ ,q = JL)  = Y 6 ( 5 )  = R t a n  a4 

(123 )  

( 1 2 4 )  

6 I L - 1  + 

Curve  7 :  
I 
I x 7 ( 5  = 1 , ~ )  = X 7 (11) = - R  - ( 1 2 5 )  

Curve  8 :  

x ( 5  = I L , q >  = x ( r l )  = ( R  t a n  a4 - R t a n  a3)]+ R t a n  a3 (127)  

( 1  28)  

8 8 

y ( 5  = I L , q )  = Y (q) = R 8 8 

where R ,  R+,  R -  a l ,  a 2 ,  a 3 ,  and a4 a r e  d e f i n e d  i n  f i g u r e  1 1 .  

c o n n e c t i n g  c u r v e s  f o r  t h e  boundary  c u r v e s .  
By u s i n g  H e r m i t e  i n t e r p o l a t i o n ,  c u b i c  p o l y n o m i n a l s  a r e  used t o  g e n e r a t e  

The c o n n e c t i n g  f u n c t i o n s  a r e  

Reg ion  A :  

16 



. 

where 

h i  ( < > ,  h2 ( [ ) ,  h 3 ( c > ,  h4 ( ( ( ,  h 5 ( c > ,  h 6 ( 5 ) ,  h 7 ( 0 ,  and 
m i a l s  and a r e  d e s c r i b e d  p r e v i o u s l y .  

domain i s  o b t a i n e d  by u s i n g  e q u a t i o n s  (113 )  t o  ( 1 3 4 ) .  
t rans fo rmed  domain i n  t h r e e  d i m e n s i o n .  f i g u r e  10 shows g r i d  p o i n t s  g e n e r a t e d  
i n s i d e  t h e  a x i s y m m e t r i c  r e c t a n g u l a r  d u c t  w i t h  a r b i t r a r y  c r o s s  s e c t i o n  and s o l i d  
bod ies  embedded i n  t h e  i n t e r i o r  p h y s i c a l  domain w i t h  41,  21, 31 g r i d  p o i n t s  
spann ing  t h e  E ,  q ,  and < d i r e c t i o n s ,  r e s p e c t i v e l y .  A p p r o x i m a t e l y  100 sec of 
t h e  I B M  370 CPU t i m e  i s  r e q u i r e d  t o  g e n e r a t e  t h e  g i r d  sys tem shown i n  f i g u r e  10. 

h a ( 6 )  a r e  Hermi t e  p o l y n o -  

The mapping between t h e  p h y s i c a l  domain and t h e  t r a n s f o r m e d  c o m p u t a t i o n a l  
F i g u r e  12 shows t h e  

CONCLUSION 

A l g e b r a i c  g r i d  g e n e r a t i o n  method c a l l e d  t h e  two-boundary method has been 
used t o  g e n e r a t e  g r i d  p o i n t s  i n s i d e  t h e  s p a t i a l  domains o f  an a x i s y m m e t r i c  s t e p  
for dump combustor ,  an a x i s y m m e t r i c  v e n t u r i  n o z z l e  and a s t e p  dump combustor  
w i t h  wedge-shaped s o l i d  b o d i e s  embedded i n s i d e  t h e  p h y s i c a l  s p a t i a l  domain.  

17 



G r i d s  a r e  g e n e r a t e d  for  t h e  t h r e e - d i m e n s i o n a l  r e c t a n g u l a r  d u c t  w i t h  a r b i t r a r y  
c r o s s  s e c t i o n s  and w i t h  s o l i d  b o d i e s  embedded i n s i d e  t h e  s p a t i a l  domain u s i n g  
t h e  f o u r - b o u n d a r y  method.  G r i d  g e n e r a t i o n  f o r  these  complex a r b i t r a r y  geome- 
t r i e s  can be  o b t a i n e d  a t  a r e a s o n a b l y  f a s t  computer  r a t e .  The s u c c e s s f u l  
g e n e r a t i o n  o f  g r i d s  for  t h e  cases s t u d i e d  demons t ra tes  t h e  u s e f u l n e s s  and v i a -  
b i l i t y  o f  t h e  two-boundary and f o u r - b o u n d a r y  a l g e b r a i c  g r i d  g e n e r a t i o n  methods.  
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(A) (B) 

FIGURE 1. - (A) THE PHYSICAL SPATIAL DOFV\IN. CURVE 1 IS DESCRIBED BY Y1 = D WHEN x E 

[A,CI. 

AND a ARE CONSTANTS. (B) TRANSFORED CWUTATIONAL DOHAIN. 

CURVE 2 IS MSCRIBED BY Y2 = E WHEN x E [A.CI. CURVE 5 IS DESCRIBED BY Y5 = E 
WHEN X E [B.CI. CURE 6 IS DESCRIBED BY Y6 = E + a WHEN X E [BeCI. A. B, C, D, E. 
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FIGURE 2. - GRID FOR STEP D U R  COMBUSTOR. 

Y r 
1 E 

a 1  

0 
D 

m I L  
W 

(B) 

FIGURE 4. - (A) PHYSICAL SPATIAL KMAIN.  CURVE 1 I S  DESCRIBED BY Y1 = D WHEN x E [A,CI.  

CURVE 2 IS DESCRIBED BY Y2 = (E + al) + a, cos [ ?*] WHEN x E [A.BI AND BY Y2 = 

( E  + a2) - a 2  COS *tx-) WHEN x E ~B.CI. A, B. c, D. E, al, AND a 2  ARE CONSTANTS. 
[ C - B  1 

(B) TRANSFORED CWUTATIONAL D M A I N .  

20 



. 

FIGURE 5. - GRID FOR VENTURIE NOZZLE. FIGURE 6. - GRID FOR VENTURIE NOZZLE, STRETCHING FUKTlOl l  USED. 

I 
A B C  D E 

JL 

JLQ 

JL3 

e J L 2  

I REGION B I 
JL 1 

1 
I L  

( A )  (B) 
FIGURE 7 .  - ( A )  PHYSICAL SPATIAL DOMAIN. (B) TRANSFORED COMPUTATIONAL WFIAIN. 
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FIGURE 8. - GRID FOR STEP D W  COMBUSTOR WITH EMBEDDED SOLID 
BODIES. 

FIGURE 9. - GRID FOR STEP DUMP COMBUSTOR WITH EMBEDDED SOLID BODIES, 
STRETCHING FUNCTION USED. 
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01 REGION A ' * $  0 I L  
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(B) 
FIGURE 11. 

m I N .  
- (A) TWO-DIMENSIONAL PHYSICAL SPATIAL W I N .  (B) TWO-DIMENSIONAL CORPUTATIONAL 

n 

t 

FIGURE 12. - THREE-DIMENSIONAL TRANSFORPED CORPUTATIONAL 
DOEIAIN. 
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